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 Abstract– A fully 4D image reconstruction algorithm for 
emission tomography is proposed, which regards the temporal 
sequence of 3D images as a single 4D image composed of 4D basis 
functions. Each 4D basis function is factorised into a 3D spatial 
basis function and a 1D temporal basis function. The 
reconstruction algorithm estimates both a set of temporal basis 
functions as well as the corresponding set of weights for each of 
these functions for each spatial position in the field of view. The 
method is designed and evaluated within the framework of a 
direct 4D reconstruction of time-dependent list-mode positron 
emission tomography (PET) data. The advantages of the 
proposed method include: a) a notable reduction in the number 
of parameters to be estimated in the reconstruction, and b) every 
single image in the time series can potentially benefit from the 
acquired data over all points in time (depending on the temporal 
extent of the estimated time-basis functions). Evaluation of the 
method with simulated 4D Monte Carlo list-mode data indicates 
that this method has markedly lower spatial and temporal 
noise  compared to the conventional independent time-frame 
reconstruction approach.  

I. INTRODUCTION 

HE reconstruction of 4D PET data normally involves the 
use of a priori temporal information. For example, the 

conventional approach to reconstructing a time series of 
images in emission tomography is to consider each time frame 
independently from the others. In such a case the assumed 
prior information is that the activity does not change within 
the time duration of each frame (or, alternatively viewed, the 
reconstruction is regarded as giving the time-averaged 
radioactivity concentration for a specified time window). This 
conventional independent frame-by-frame approach suffers 
from a substantial reduction in image statistics for each time 
frame, related to the duration of the time frame. Recently, 
more advanced methods have been proposed e.g. [1-3], 
demonstrating the considerable improvement that can be 
obtained through removal of the assumption of time-frame 
independence. The approach proposed here is a more general 
formulation for direct 4D reconstruction, whereby temporal 
basis functions, possibly extending across all time points, are 
estimated as part of the reconstruction process – along with 
the amplitudes/weights of the basis functions for the final 4D 
reconstructed image. This approach is in contrast to all 
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previous dynamic reconstruction methods which adopt a 
priori temporal basis functions. The method described here 
can of course be simplified to include fixed temporal basis 
functions, either selected a priori (such as a limited set of 
Fourier basis functions), or a posteriori (such as time activity 
curves from factor analysis [4], spectral analysis [5] or even a 
dictionary of predetermined basis functions [6]). Hence the 
proposed algorithm implicitly includes, as a special case, the 
conventional frame by frame reconstruction method (choice of 
top-hat functions as the time bases), as well as the model of 
Nichols et al. [1] (choice of spline basis functions). 

 

II. THEORY 

A. Model of the 4D Image 
This work models the space (r) - time (t) (4D) distribution of 
the radiotracer as a superposition of 4D basis functions g(r,t), 
with each basis function factorised according to: 

)()(),( tstg τrr =         (1) 
where s(r) is a 3D spatial basis function (such as a voxel) and 
τ(t) is a 1D temporal basis function. Note that equation (1) is 
relatively general, and this model incorporates a number of 
other techniques as special cases, simply through the 
appropriate choice of τ(t). Based on equation (1), the complete 
space-time (4D) radiotracer distribution is represented by 
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where the j=1…J spatial basis functions s(r) located at r1…rJ 
(covering the field of view (FOV)) are shift-invariant, and for 
the location j of each one of these spatial basis functions there 
is a collection of c=1…C different temporal basis functions 
τc(t). Hence, the reconstruction task becomes one of 
estimating the set of weights {wjc} in equation (2), i.e. finding 
the amplitude of each temporal basis function τc for each 
spatial location j. If voxels are used, along with a set of 
sampled temporal basis functions (of T samples each), 
equation (2) can be written as: 

Bwf =             (3) 
where f is a JT–D vector containing the time variation (at time 
points t=1…T) of activity for each voxel j=1…J, B is a JT×JC 
matrix containing the temporal basis functions (repeated J 
times) and w is a JC–D vector consisting of the C amplitudes 
for each temporal basis function for each of the J spatial 
locations. The precise form of B is as follows:  
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        (4) 
where Γ is a T×C matrix containing c=1…C columns, each 
column being a T-D vector holding a temporal basis function:  

[ ]Cτ...ττΓ 21= ,       (5) 
and each 0 in (4) is a T×C matrix of zero values. Hence B = 
{bjc}JT×JC.   

B. Estimation of Weights for 4D Image Reconstruction 
An expected time-dependent projection data vector of IT 
dimensions (I lines of response (LORs) for T time points) q 
can thus be obtained by 

 ABwq =            (6) 
where A is an IT×JT matrix used to model the measurement 
process of the scanner (the probability that an emission from 
voxel j is detected in LOR i) for each time point t (normally 
the elements of A are regarded as time-invariant). Modeling 
the measured data vector p (projection data or list-mode data) 
as Poisson distributed, the maximum likelihood – expectation 
maximization (ML-EM) algorithm [7] can be applied to find 
the weights vector w (i.e. to estimate the amplitudes {wjc} for 
each temporal basis function τc at each spatial location j): 
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C. Estimation of Basis Functions  
In algorithm (7) the matrix B containing repeat copies of the 
matrix of temporal basis functions, Γ, was held constant and 
assumed to be known. In fact this is a key issue with algorithm 
(7), as in general the time bases are not known a priori 
(although they could be obtained a posteriori from initial 
estimates from an independent reconstruction, or from a factor 
analysis for example). To obviate this issue entirely, an 
alternating updating scheme is proposed. The following 
algorithm estimates the time basis functions themselves whilst 
holding the amplitudes/weights vector w constant. The matrix-
vector version of equation (2) for this case will be written as 

Mtf =            (8) 
where t is a TC-D vector, holding the C temporal basis 
functions (each of T samples), and so t is simply obtained by 
converting the T×C matrix Γ into a single vector. M is the 
JT×TC “mixing” matrix: 
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where diag{w(j,c))} is defined as a square T×T diagonal matrix 
with the central diagonal elements all set equal to the scalar 
value wjc, and all other elements zero. Expected 4D data can 
hence be obtained by  

AMtq =             (10) 

The EM algorithm for updating the estimates of the C time 
basis functions is given by 
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Equation (11) uses all of the measured 4D data to update just 
the T×C parameters contained in the C different basis 
functions in t. Initial values for t0 were chosen to correspond 
to a set of equally spaced broad Gaussian functions. 

Algorithms (7) and (11) can be applied in an interleaving 
fashion, whereby a set number of iterations of algorithm (7) 
are first applied, then a set number of iterations of algorithm 
(11) (to form one ‘cycle’ of the algortihm) and so on, in an 
alternating manner. The time basis functions found from 
equation (11) can be regularized using an inter-update filter: 

( ) 111 1 +++ +−= k
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kk
REG ttt ββ       (12) 

where 0 ≤ β ≤ 1 controls the level of regularization, and 
tk+1

SMOOTH is obtained by applying a 3 point box-car filter to 
each time basis function in tk+1. 

III. METHODS 
The new approach to 4D reconstruction was assessed using 

simulated phantom data, and compared with the conventional 
independent time-frame reconstruction method. Four versions 
of the direct 4D reconstruction method were considered in this 
evaluation. First, the direct reconstruction using the exact 
temporal basis functions (matching perfectly those used in the 
generation of the simulated data) was assessed. For this case 
only the weights were estimated in reconstruction (algorithm 
(7) only). Second, the direct method which estimates both the 
temporal basis functions themselves as well as the weights, 
and thirdly, the direct method with estimation of an 
“excessive” number of basis functions (in this case 8 were 
estimated when in fact 4 would suffice). This case was 
considered as in practice the number of temporal basis 
functions is unknown, and so it is more appropriate to 
overestimate the number rather than risk a misrepresentation 
of the 4D image. Finally, this last case was also tested with the 
regularization of equation (12). 

A. Simulation Phantom 
A simple Monte Carlo simulation for the High Resolution 

Research Tomograph (HRRT) [8] was created to generate list-
mode data, incorporating the scanner geometry (with detector 
gaps), but excluding effects such as attenuation, scatter and 
randoms. This permitted an initial assessment of the direct 
method and its performance relative to the independent 
method, without the further complication of data corrections. 
The phantom used for evaluation of the algorithms was a 
cylinder of length 50 mm, diameter 62 mm, with an additional 
outer rim of 5 mm thickness (total cylinder diameter 72 mm). 
The simulated radioactivity in the main cylinder body 
followed a time activity curve corresponding to brain white 
matter, and the outer rim followed a time activity curve 
corresponding to gray matter. The cylinder contained 6 
spheres of radius 2.5 mm (3 of which were cold spheres 
(representing ventricles), and 3 of which followed a time 
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activity curve corresponding to an arterial time-activity curve) 
and 6 spheres of radius 5 mm (again, 3 were cold, and 3 
followed an arterial time-activity curve). Finally, the phantom 
included two line sources of length 25 mm (one parallel to the 
scanner axis, displaced by 22.5 mm, and one perpendicular to 
the axis, displaced by 8 mm from the central transverse plane) 
and 49 point sources located within a transverse plane 
(displaced by 8 mm from the central plane). The activity of the 
line and point sources was held constant in time. Example 
slices from the phantom can be seen in Fig. 1. Ten million 
events were generated over a time interval of 5 minutes 
(simulating a mean count rate of 33 kcps). This short time 
scale and phantom were selected to allow a more 
computationally practical means of assessing the performance 
of the 5 methods. Images were reconstructed into 64×64×50 
matrices (1.21875 mm voxel side length) for 50 time frames 
(interval 6 seconds). For the independent reconstruction 
method this gave a single 4D image of 64×64×50×50, whereas 
for the direct method this gave a set of C parametric images, 
each of size 64×64×50, where C corresponds to the chosen 
number of temporal basis functions. Since 4 different types of 
temporal behaviour were simulated (arterial, gray matter, 
white matter and constant time-activity curves), a minimum of 
4 temporal basis functions were used in the direct 
reconstruction (C ≥ 4). 

B. Evaluation and Figures of Merit (FOMs) 
The spatial properties of the reconstruction methods were 

evaluated for the mid-point time frame 25 (2.5 minutes). The 
image for this point in time was used to assess background 
noise level, using a simple spatial standard deviation FOM, 
which calculated the standard deviation of the voxel values 
belonging to the background region (white matter) of the 
cylinder, divided by the mean value. The resolution of the two 
line sources was also assessed, by summing all the profiles for 
all the length of each line source. This gave a full width at half 
maximum (FWHM) resolution measure for the line source. 
These spatial noise and spatial resolution measures were 
performed on a number of images, obtained for two iteration 
numbers, and a range of post-smoothing levels applied post-
reconstruction. The temporal properties of the images were 
assessed using a bias FOM, evaluated for each region of 
interest (ROI) (white matter (background), gray matter (rim), 
artery (sphere)). This FOM simply summed the differences 
between the measured time activity curve (TAC) and the 
corresponding true TAC, normalizing for the number of 
samples. The noise present in the measured TAC for each 
image region was assessed visually, plotting the TAC obtained 
for each method for each region. 

IV. RESULTS 
Fig. 1 shows example transverse slices (from 3D images) 

from the true, the independent reconstruction and the direct 
reconstructions. The direct methods show visually reduced 
image noise. The similarity between the time-frame summed 
slices and the single time frame slices for the direct methods 

arises from the use of parametric images which give the 
weights for time basis functions extending through all time 
frames. Fig. 2 shows example profiles, indicating the noise 
reduction achieved by the direct method. Fig. 3 gives the 
resolution-noise trade off for all methods, for different 
iteration numbers and post-smoothing levels. It is clear that 
the direct reconstruction method consistently gives markedly 
lower spatial noise levels for a given spatial resolution when 
compared to the independent time frame reconstruction. This 
advantage is lost to some extent when 8 time basis functions 
are estimated (whilst only 4 are needed), but the advantage is 
recovered through incorporation of regularization. Fig. 4 
shows the TACs for all methods for all regions – the direct 
method clearly outperforms the independent approach. Fig. 5 
shows the bias levels for the various methods, indicating that 
the direct approaches give lower bias for all regions of 
interest. 
 

 

 
 

 
 
     Fig. 1.  Transverse slices of the 3D true (sites of positron emission), and 
for five different reconstruction methods. The first the third columns show 
slice 25 summed over all 50 time frames, the second and fourth columns give 
slice 25 for time frame 50 only. “DIRECT” indicates that only the weights 
were estimated, using the exact TACs from the simulation as the basis 
functions. “WB4” indicates estimation of both the weights for each voxel, as 
well as the 4 basis functions associated with these weights. “WB8” indicates 
estimation of weights and 8 basis functions, and “R” signifies that 
regularization has been included (β=0.25 in this case). 
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Fig. 2.  Profile through the true, the independent and the DIRECT-WB4 

reconstruction. Note that the background is almost a cold region, resulting in 
bias in this region for the noisy independent reconstruction when 
reconstructed with the positivity constraint of the EM algorithm. 
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Fig. 3.  Noise-resolution trade off for the independent time frame reconstruction method (INDEP, same in all graphs, shown for iterations 20 and 50, for 4 
different levels of post-reconstruction smoothing (3D Gaussian)), and for the direct reconstruction methods (DIRECT – estimated only the weights, using perfect 
time bases, as used by the simulation data, DIRECT-WB4 estimated the weights as well as 4 time bases, DIRECT-WB8 estimated 8 time bases and their weights, 
DIRECT-WB8R included regularization of the time basis functions). For the DIRECT-WB methods, the number in brackets indicates the number of repeats of 
the weights-then-time-basis estimation cycle (each cycle consisting of 16 iterations for the weights, and 16 iterations for the time bases). 
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Fig. 4.  TACs for all of the ROIs considered. The lower-right graph shows the result for a single voxel ROI located within one of the spheres, showing the 
substantial noise reduction of the direct method in comparison to the independent method. The TACs shown correspond to those from 50 iterations of the 
independent method, 200 iterations of the direct method, and 12 cycles (each of 16 iterations for both the weights and the bases) for the other direct methods. 
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Figs. 6 and 7 show the parametric images and corresponding 
estimated temporal basis functions for the direct method when 
using 8 basis functions and including regularization (DIRECT-
WB8R, with β=0.25). The key features of the phantom (the 
line source, the spheres, the rim) are identified (i.e. separated) 
by the method. The eighth basis function is effectively not 
used by the algorithm in this particular case: both the 
estimated parametric image and basis function are of 
negligible amplitude. 
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Fig. 5.  Mean Bias. For the voxel ROI, the independent reconstruction 

method has a mean bias of 173.13%. Note that for ROI number 4, the 
ventricle, a mean bias % is not available as the true is zero valued. 
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Fig. 6.  First four parametric images and corresponding estimated time 

basis functions for the DIRECT-WB8R method after 12 cycles of 
weights/bases estimation (8 time bases estimated, regularized with β=0.25).  

V. CONCLUSION 
A new approach to 4D reconstruction is presented, which 

models the 4D image as a set of 4D basis functions, where 
both the amplitude/weight of the temporal component of each 
basis function is estimated, as well as all the basis functions 

themselves. The method permits each time frame to benefit 
from substantially more of the measured data than the 
conventional independent time frame approach, leading to 
notable image quality advantages in both the space and time 
dimensions. This benefit is drawn from the assumption that a 
limited number of time basis functions is sufficient to describe 
the temporal behaviour of the radioactivity in each voxel. 
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Fig. 7.  Last four parametric images and corresponding estimated time 

basis functions for the DIRECT-WB8R method after 12 cycles of 
weights/bases estimation (8 time bases estimated in total, regularization 
included, β=0.25). Note that the 8th image and basis function are effectively 
not used (the scale for basis function 8 is 10-24). 
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